Lecture 2

Intro to dimension reduction &
review of linear algebra

COURSE MATH 637: Mathematical Techniques in Data Science
WEBSITE https://jacobcalvert.com/teaching/math637fall2026/
INSTRUCTOR Jacob Calvert (calvert@udel.edu)

OFFICE HOURS MW 2:45pm-3:45pm, Ewing Hall 509


https://jacobcalvert.com/teaching/math637fall2026/

Announcements & Reminders

e For further review of linear algebra, see notes on Canvas

e Monday: principal component analysis.
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Plan for today

Intro to dimension reduction

Behold, the data matrix

Outer products everywhere

Spectral theorem

Square matrices from the data matrix
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11 min
10 min
16 min
9 min
4 min
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Example: The MNIST data

e 70,000 images of handwritten digits
e Each image = 28 x 28 pixels
e Each pixel = integer in {0, ..., 255}
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Example: A seven, up close
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Example: A seven, far away
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Example: Many sevens

712 7217[1\71 127|717

211717717327
7\3+71727212171777




Example: The MNIST data

70,000 images of handwritten digits

Each image = 28 x 28 pixels

Each pixel = integer in {0, ...,255}

Pixels usually concatenated to make vector of length 784
So each image is an element of {0, ..., 255} 7%
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Example: The MNIST data

70,000 images of handwritten digits

Each image = 28 x 28 pixels

Each pixel = integer in {0, ...,255}

Pixels usually concatenated to make vector of length 784
So each image is an element of {0, ..., 255} 7%

What % of possible digit data does the MNIST dataset represent?
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A digit is an atypical element of {0, ..., 255}

Left: A digit. Middle: Uniformly random. Right: Permuted.
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Do you see what this suggests?

e 256784 ~ 10'®%8 points in that space
e MNIST has < 10° of them
e Uniformly random sampling of pixels will never produce a digit
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Do you see what this suggests?

e 256784 ~ 10'®%8 points in that space
e MNIST has < 10° of them
e Uniformly random sampling of pixels will never produce a digit

Idea: The images inhabit R34, but they effectively lie on a much lower-
dimensional surface inside it.
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Do you see what this suggests?

e 256784 ~ 10'®%8 points in that space
e MNIST has < 10° of them
e Uniformly random sampling of pixels will never produce a digit

Idea: The images inhabit R34, but they effectively lie on a much lower-
dimensional surface inside it.

In the literature: Such a surface is called a manifold. The claim that
real data sets lie near one is the manifold hypothesis, and finding the
manifold is manifold learning.
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Example: If not a dimension of 784, then what?

71717171211171117 77|17
717171717(1V 7327

713717 2171912171777

e Digits differ in relatively few “ways”
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Example: If not a dimension of 784, then what?

71717171211171117 77|17
717171717(1V 7327

713717 2171912171777

e Digits differ in relatively few “ways”

e Intuitively, this number of ways is related to the intrinsic dimension of
the data
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Example: If not a dimension of 784, then what?

71717171211171117 77|17
717171717(1V 7327

713717 2171912171777

e Digits differ in relatively few “ways”

e Intuitively, this number of ways is related to the intrinsic dimension of
the data

e The intrinsic dimension can be estimated (!) to be « 784
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Guess the intrinsic dimension of MNIST



Guess the intrinsic dimension of MNIST

In the literature (Pope et al., ICLR 2021): Estimates put it between 12 and

14: roughly a dozen continuous qualities.




Example: Dimension reduction methods on MNIST

» :
LB o LY
A 0y
W W
& : |
PCA Laplacian Eigenmaps LargeVis t-SNE UMAP

Adapted from Fig. 4 of McInnes et al. (2020)

e Each maps an image in R"®* to a point in R?, without ever seeing a label
e Color by the true digit afterwards: the clusters are the digits
e Principal component analysis is left-most
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Plan for today

Intro to dimension reduction

Behold, the data matrix

Outer products everywhere

Spectral theorem

Square matrices from the data matrix
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11 min
10 min
16 min
9 min
4 min
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Convention: vectors are columns

e vectors x,y € RP are p x 1 arrays

Zy
. 2
r=|:[, 2Ty = E TiY;s |z||” = 2Tz = E z?.
i i
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Convention: vectors are columns

e vectors x,y € RP are p x 1 arrays

Zy
. 2
r=|:[, 2Ty = E TiY;s |z||” = 2Tz = E z?.
i i

Lp

e (x,y) also denotes ="y
e x lymeansz’y=0
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Convention: vectors are columns
e vectors x,y € RP are p x 1 arrays

Zy
. 2
r=|:1, 2Ty = E TiYis |z||” = 2Tz = E z2.
i i

Lp

e (x,y) also denotes ="y
e x lymeansz’y=0

Note: When in doubt, check that the dimensions make sense. E.g., 2"y is
(1 xp)(p x 1) = ascalar.
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Convention: Rows of data matrix = examples

e One row per example/observation
e One column per feature/predictor

€ R"*P .
e X israrely square!

N =~ — Ot
=N = Ot

n = 4 rows, p = 2 columns
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Convention: Rows of data matrix = examples

e One row per example/observation
e One column per feature/predictor

€ R"*P .
e X israrely square!

N =~ — Ot
=N = Ot

n = 4 rows, p = 2 columns

Note: Vectors are columns, but stacked into a data matrix they lie along
the rows: row i of X is z]. So #; = (5,5), and X has z! across its top.
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Convention: Rows of data matrix = examples

— 2 — * One row per example/observation
P ) — S o On‘e column per feature/predictor
: e X israrely square!
T
— T =

n rows, p columns

Note: Vectors are columns, but stacked into a data matrix they lie along
the rows: row i of X is z]. So #; = (5,5)T, and X has z! across its top.
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Definition: Dimension reduction = approximate X

Fix k& < p. Given xq,...,z,, € R?, and classes F of maps R? — R* and G of
maps R¥ — RP:

feF, 9geg

min ZHxi —g(f@) |
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Definition: Dimension reduction = approximate X

Fix k& < p. Given xq,...,z,, € R?, and classes F of maps R? — R* and G of
maps R¥ — RP:
. - 2
min > |z, — g(f(z:) [
=1

feF, 9geg

e fisthe encoder: the code f(x;) € R* has k < p numbers
e gisthe decoder: g(f(x;)) € RP is the reconstruction
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Definition: Dimension reduction = approximate X

Fix k& < p. Given xq,...,z,, € R?, and classes F of maps R? — R* and G of
maps R¥ — RP:

min ZHxi —g(f@) |

fedF, geg

e fisthe encoder: the code f(x;) € R* has k < p numbers
e gisthe decoder: g(f(x;)) € RP is the reconstruction

Note: Different choices of & and G lead to different dimension reduction
methods!

Lecture 2: Intro to dimension reduction & review of linear algebra 13/30



Definition: Dimension reduction = approximate X

Fix k& < p. Given xq,...,z,, € R?, and classes F of maps R? — R* and G of
maps R¥ — RP:

min ZHxi —g(f@) |

fedF, geg

e fisthe encoder: the code f(x;) € R* has k < p numbers
e gisthe decoder: g(f(x;)) € RP is the reconstruction

Note: Different choices of & and G lead to different dimension reduction
methods!

F,G = linear leads to principal component analysis.
F,G = neural leads to autoencoders.
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Definition: Dimension reduction = approximate X

Let the reconstruction X have rows g(f(z ))T. The reconstruction error is
Z |lz; — g(f(x
=1

where the Frobenius norm adds-up every squared entry:

|A]%, = zn:||rowiofA||2 = ZZA
=1

=1 j=
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Plan for today

Intro to dimension reduction

Behold, the data matrix

Outer products everywhere

Spectral theorem

Square matrices from the data matrix
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11 min
10 min
16 min
9 min
4 min
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Definition: the outer product

For x € R™ and y € RP, put the transpose on the other factor:

T
- vy = .
T ol — : =Y
2T versus Y = - ; (y')ij = ©3y;-
1x1, ascalar nxp, a matrix rp,y -
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Definition: the outer product

For x € R™ and y € RP, put the transpose on the other factor:

T
- vy = .
T ol — : =Y
2T versus Y = - ; (y')ij = ©3y;-
1x1, ascalar nxp, a matrix rp,y -

e Every column of zy" is a multiple of z; every row is a multiple of y'
e So its column space is the line through + = zy' has rank one
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Example: the projection matrix ww' = outer product

For a unit vector w € R?, the projection of
x € RP onto w is
7= (z'w)w=ww'r)=(ww)z.
e xTwis the score
e ww' projects onto the line through w
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Example: the projection matrix ww' = outer product

For a unit vector w € R?, the projection of
x € RP onto w is

7= (z'w)w=ww'r)=(ww)z.

e zTwis the score
e ww' projects onto the line through w

Since x — ¥ L w, Pythagoras gives
|* = (zTw)? + = — F|*.
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Example: the projection matrix ww' = outer product

For a unit vector w € R?, the projection of
x € RP onto w is
7= (z'w)w=ww'r)=(ww)z.
e xTwis the score
e ww' projects onto the line through w

Since x — ¥ L w, Pythagoras gives
|* = (zTw)? + = — F|*.

Key idea: Maximizing squared score (z"w)? <= minimizing squared
projection error ||z — Z|°.
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Example: Outer products from orthonormal basis

Let vy, ..., v, € R” be orthonormal, meaning v{vj = d;;- How can we write
x € RP as a sum over the v,?
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Example: Outer products from orthonormal basis

Let vy, ..., v, € R” be orthonormal, meaning v) v; = 0;;. How can we write
x €RPasa sum over the v,;?

Project x onto each and add:

p p
Z(UZTI‘) v; = (Zviv})x =z  because Zv ol =1,
i =1
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Example: Outer products from orthonormal basis

Let vy, ..., v, € R” be orthonormal, meaning v) v; = 0y

r € RP asasum over the v,;?

Project x onto each and add:

p P
> (wjz)v; = (Z?)ﬂ)})x =z  because
=1

=1

e Each v,v] is a rank-one projection matrix

e Squared lengths add as well: |z|*> = Zj(v}m)Q
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How can we write

Zvv —I
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Exercise: centering, as an outer product

DS methods often assume that X is centered,
meaning that the column average has been sub-
tracted from all entries in the column.

1. Write the column vector of column sums of X,
using the ones vector 1 € R™.

2. Use it to write the centered X as X minus one
outer product.

DN > = Ot
=N = Ot
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Exercise: centering, as an outer product

DS methods often assume that X is centered,
meaning that the column average has been sub-
tracted from all entries in the column.

1. Write the column vector of column sums of X,
using the ones vector 1 € R™.

2. Use it to write the centered X as X minus one
outer product.

DN > = Ot
=N = Ot

2 2
—2 =2
1 -1
-1 1
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The usual rule: rows times columns
With A of size m x n and B of size n x p, write A by its rows and B by its

columns: ) T
— al

— a;

—

AB

(lT

m

[ajb;  ajby
T T
asb,  asb,
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The usual rule: rows times columns

With A of size m x n and B of size n x p, write A by its rows and B by its
columns:

- a'|1' _

e R
AB - :2 bl b2 . bp

— | |

= a'rn

'aibl a$b2 aibp

T~ T' . T'

[ a0y A, by - ag, by,

* Every entry is an inner product, so a; and b; both live in R"
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Key identity: a sum of outer products

Now slice the other way: A € R™*™ by its columns, B € R™*? by its rows.

AB =

| |
al a2 “es an
| |
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Key identity: a sum of outer products

Now slice the other way: A € R™*™ by its columns, B € R™*? by its rows.

— b{ —
IR i B B
AB = |a; ay - a, ? = Zaéb}.
A B A =

e Same matrix, now built one rank-one matrix at a time
e n terms, one for each column of A and the matching row of B
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Key identity: a sum of outer products

Now slice the other way: A € R™*™ by its columns, B € R™*? by its rows.

— b{ —
IR i B B
AB = |a; ay - a, ? = Zaéb}.
R N A =

e Same matrix, now built one rank-one matrix at a time
e n terms, one for each column of A and the matching row of B

Note: a, ism x 1and b} is 1 x p, so every term is m x p, the size of AB
itself.
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Example: when A = X" and B =

X

| Coming up: Entries of XTX € RP*P are features/predictor covariances.

The columns of X' are x,, ..., z,, and the rows of X are x], ..., 2], so

.
- X
. | T

— I
XX = |2, 2y - x 2
. |

n

i
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Example: when A = X"and B = X

| Coming up: Entries of XTX € RP*P are features/predictor covariances.

The columns of X' are x,, ..., z,, and the rows of X are x], ..., 2], so

b nt
T

| T P ]
XX = |z, 2y - 1z, :2 = ZTIrI
I O I
E.g., for the centered matrix from before:
2 2
= |2 =2 o [404) 4 4], 1 1] [1 —1] _[10 6
X=11 | XX_L 4}{4 4}{—1 1]%—1 1]_[6 10]
-1 1
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The pattern to watch for

Coming up: Many important ideas in linear algebra (and data science)
involve writing a matrix (e.g., X' X) as a sum of outer products.

e The spectral theorem, in a few minutes, is one of them
e The singular value decomposition, on Wednesday, is another
e The useful expansions are the ones whose vectors are orthonormal

Lecture 2: Intro to dimension reduction & review of linear algebra 22/30



The pattern to watch for

Coming up: Many important ideas in linear algebra (and data science)
involve writing a matrix (e.g., X' X) as a sum of outer products.

e The spectral theorem, in a few minutes, is one of them
e The singular value decomposition, on Wednesday, is another
e The useful expansions are the ones whose vectors are orthonormal

Key idea: Once a matrix is a sum of rank-one pieces, you can keep some
and drop the rest. This is a key idea in dimension reduction.
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Plan for today

Intro to dimension reduction

Behold, the data matrix

Outer products everywhere

Spectral theorem

Square matrices from the data matrix

Lecture 2: Intro to dimension reduction & review of linear algebra

11 min
10 min
16 min
9 min
4 min
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Recall: eigenvectors

v # 0 is an eigenvector of A with eigenvalue \ if Av = \v
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Recall: eigenvectors

v # 0 is an eigenvector of A with eigenvalue \ if Av = \v

6 10

o i B Y e R

ForA=X'X = {10 6]
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Recall: eigenvectors

v # 0 is an eigenvector of A with eigenvalue \ if Av = \v

ForA=X'X = {10 6]

AP -

Note: Normalize them: v, = \%(1, HTand v, = \/%(1, —1)". Note v; L v,,

which is guaranteed by the spectral theorem.

Lecture 2: Intro to dimension reduction & review of linear algebra 24/30



An important fact about symmetric matrices

Theorem (Spectral theorem)

If A € RP*P is symmetric, then there is an orthonormal basis of R? con-

sisting of eigenvectors vy, ..., v, of A with corresponding real eigenvalues
A > > )\p.

Lecture 2: Intro to dimension reduction & review of linear algebra 25/30



An important fact about symmetric matrices

Theorem (Spectral theorem)

If A € RP*P is symmetric, then there is an orthonormal basis of R? con-
sisting of eigenvectors vy, ..., v, of A with corresponding real eigenvalues
Ay > 2> A, and

A=VAVT = Z)\Z v; 0],

where V = [vy, ..., v,] and A = diag(A, ..., A)).
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Spectral theorem: matrix form A = VAVT

Collect eigenvectors vy, ..., v, as columns of V; and let A = diag(Ay, ..., \,).

Express definition of eigenvectors in matrix form. Then use fact that, since
Vis square with orthonormal columns, VVT =1 ;:

A’UZ‘ :)\ivi7 Z: 1,...,p < AV:VA — A:VAVT.
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Spectral theorem: matrix form A = VAVT

Collect eigenvectors vy, ..., v, as columns of V; and let A = diag(Ay, ..., \,).

Express definition of eigenvectors in matrix form. Then use fact that, since
Vis square with orthonormal columns, VVT =1 ;:

A’UZ‘ :)\ivi7 Z: 1,...,p < AV:VA — A:VAVT.

e VT rotates into the eigenvector coordinates
* Ascales each axis by its ),
e Vrotates back
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Spectral theorem: matrix form A = VAVT

Collect eigenvectors vy, ..., v, as columns of V; and let A = diag(Ay, ..., \,).

Express definition of eigenvectors in matrix form. Then use fact that, since
Vis square with orthonormal columns, VVT =1 ;:
Av,=M\v,, i=1,...,p <= AV=VA = A=VAV"
e VT rotates into the eigenvector coordinates

* Ascales each axis by its ),
e Vrotates back

Note: Symmetric matrices merely stretch along p perpendicular axes.
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Spectral theorem: outer product form

Apply outer product identity to VAVT: columns of VA are A;v; and the rows

of VT are vj, so

Ay

— UI
vee )\p Up ET
| I e

A= (VAOHVT =

Lecture 2: Intro to dimension reduction & review of linear algebra
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Spectral theorem: outer product form

Apply outer product identity to VAVT: columns of VA are A;v; and the rows
of VT are vj, so

A= (VAOHVT =

| 1= o - P
Ao ALY, : = Z)\jvjv}.
— j=1

| I I S

.
p
With \; =16, A\, = 4 and our two v;:

1 1 1
5 5 —3 8 8 2 =2 10 6
2 2 2| — —

16[ %]+4[—% %}_{8 8]+{—2 2]_{6 10}'

N[ =N~
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Spectral theorem: outer product form

Apply outer product identity to VAVT: columns of VA are A;v; and the rows
of VT are vj, so

A= (VAOHVT =

| 1= o -
Ao ALY, : Z)\JU v;

| | 3

— ) =
With \; =16, A\, = 4 and our two v;:
1 1 1
5 5 =5 8 8 2 =2 10 6
2 2 2| — —
e R R B i e S

Key idea: Compare Zj vjv} = I: the same expansion, now weighted by
the \,. A symmetric matrix is the identity with the axes rescaled.

N[ =N~
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Plan for today

Intro to dimension reduction

Behold, the data matrix

Outer products everywhere

Spectral theorem

e Square matrices from the data matrix
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11 min
10 min
16 min
9 min
4 min
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Square from rectangular: X' X and XX

Eigenvalues only defined for square matrices, but n x p data matrices are
rarely square. However,

XTX and XXT always are, and both are symmetric!

pPXp nxn

(XTX) = XT(X")T = XTX.
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Square from rectangular: X' X and XX

Eigenvalues only defined for square matrices, but n x p data matrices are
rarely square. However,

XX and bod always are, and both are symmetric!

pPXp nxn

(XTX) = XT(X")T = XTX.

Key idea: This is how we can apply the spectral theorem to data matrices.
We'll get a lot of use out of this trick!
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Two expansions of one matrix

n P

T __ T _ T
Y wal = XX =) Ayl
=1 =1
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Two expansions of one matrix

n p

T Ty — T
E rx, = X' X = g AjUj0;
i=1 j=1

e Left: n terms, one per example/observation, in no particular direction
and not orthogonal

e Right: p terms, one per direction, orthonormal, each labeled with its
“size” \.
J
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Two expansions of one matrix

n p

T Ty — T
E rx, = X' X = g AjUU;
i=1 j=1

e Left: n terms, one per example/observation, in no particular direction
and not orthogonal

e Right: p terms, one per direction, orthonormal, each labeled with its
“size” \.
J

Coming up: On Monday, keep the biggest terms on the right-hand sum
and discard the rest.
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